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Recap: Reissner-Nordstrom BH

The Reissner-Nordstrom metric in 4D describes a non-rotating, dyonic
(electrically and magnetically charged) black hole:

1

ds® = —F(r)dt* + =)

dr? + r? dQ% ,
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Recap: Reissner-Nordstrom BH

The Reissner-Nordstrom metric in 4D describes a non-rotating, dyonic
(electrically and magnetically charged) black hole:

1

ds® = —F(r)dt* + =)

dr?® 4+ r?dQ3,
The function F(r) is given by

_2MG | (¢*+ PG
r 472

F(r)=1

and has two roots ri: event horizons.
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Recap: Reissner-Nordstrom BH

The Reissner-Nordstrom metric in 4D describes a non-rotating, dyonic
(electrically and magnetically charged) black hole:

1

ds® = —F(r)dt* + =)

dr?® 4+ r?dQ3,
The function F(r) is given by

_2MG | (¢*+ PG
r 472

F(r)=1

and has two roots ri: event horizons. The solution has no naked
singularities (recall: cosmic censorship conjecture) if ry € R, or

M2 > q° +p?
= 4G

If we have equality, the BH is extremal, and there is a single horizon at
r=Rs = MG.
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Recap: Reissner-Nordstrom BH, cont.

We only consider extremal BHs. The metric simplifies:

2 -2
d52:_<1_MG> dt2+<1—MG> dr? + r2dQ3.
r r
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Recap: Reissner-Nordstrom BH, cont.

We only consider extremal BHs. The metric simplifies:
MG\ 2 MG\ 2
ds? = — <1 — G) dt® + <1 — G> dr® 4 r?dQ3.
r r

We prefer to have the horizon at r = 0, so redefine r — r — MG:

Extremal Reissner-Nordstrom BH (horizon at r = 0)

-2 2
ds? = — (1 + /\/ITG> de? + (1 + MTG) (dr? + r*dQ3) .
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Setting the scene

About our model:
e We consider N' =2, D = 4 ungauged supergravity, coupled to a
single gauge vector multiplet.
® We have two Abelian gauge field strengths F,,, Fl’w, with charges
(p.q) and (P, q').
® We have one complex scalar z, with Im(z) > 0 (Poincaré plane).
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Setting the scene

About our model:

e We consider N =2, D = 4 ungauged supergravity, coupled to a
single gauge vector multiplet.

® We have two Abelian gauge field strengths F,,, Fl'w, with charges
(p,q) and (p', q').

e We have one complex scalar z, with Im(z) > 0 (Poincaré plane).

An example solution has Re(z) =0, so z = ie=2?. with ¢ the dilaton field.
Metric ansatz is

ds? = —e?V(V de? + e2Y0) (dr? 4+ 2 d03)
One gauge field is purely electric, the other purely magnetic: we have

(0,9), (p',0).
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The dilaton black hole solution

The full solution is given by:

The dilaton BH

e =Hi/Hy, F==xd(H')Adt
e?V=HH,, G ==xd(H")Adt,

with harmonic functions

/
lee—(ﬁo_i_M’ H2:e¢°—|—m,
4rr amr
We have defined
® The dual of F': G}, = —e 2 (*F'),,,.

® ¢o = ¢(r = +00): dilaton at infinity (or at 7 =0, 7 =1/r).
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The dilaton black hole as attractor

Look at the g, metric component: from e=2Y = H; H,, we find

e %|p'| +e?lq| . |qp|

Er + 4rtr (47r)?

Compare with RN BH: M from 1/r term (watch out: metric with horizon at r = 0)

2MG MG)?
grr:]-_’_i'f‘( 2)
r r
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The dilaton black hole as attractor

Look at the g, metric component: from e=2Y = H; H,, we find

e %[p/| +e%|q| | |qp/]
4y (4mr)2”

grr:1+

Compare with RN BH: M from 1/r term (watch out: metric with horizon at r = 0)

2MG MG)?
grr:]-_’_i'f‘( 2)
r r

Mass dilaton BH

_ —do| %o
— (1| + e®lal) .

The mass depends on |p’|, |g| and on the dilaton at infinity ¢g, as we
expect for an extremal BH.
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The dilaton black hole as attractor, cont.

We can write e 2% = Hy/H, as

26 — lq| + Arre— %0 r=0 q
|p| + 4mredo
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The dilaton black hole as attractor, cont.

We can write e 2% = Hy/H, as

026 lq| + 4mre=% q
|p| + 4mredo

So at the horizon, depends ONLY on the charges: any choice of ¢g has the
same value of ¢! This is the attractor mechanism. (The term ‘attractor’

comes from gradient flow equations: see later on).

e_2¢

Y
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Central charge and BPS bound

In extended susy (N > 1), the algebra admits central charges Z. For
N =2

{Qair Qs = —3ciPrapZ. {Q.', Qﬁj} = —L1elProgZ.
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Central charge and BPS bound

In extended susy (N > 1), the algebra admits central charges Z. For
N =2

{Qair Qs = —3ciPrapZ. {Q.', Qﬁj} = —L1elProgZ.

For massive representations in A = 2, we have the BPS bound: M > |Z|.
When the bound is satisfied (M = |Z|), we have a BPS solution.
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Central charge and BPS bound

In extended susy (N > 1), the algebra admits central charges Z. For
N =2

{Qair Qs = —3ciPrapZ. {Q.', Qﬁj} = —L1elProgZ.

For massive representations in A = 2, we have the BPS bound: M > |Z|.
When the bound is satisfied (M = |Z|), we have a BPS solution.

The theory is invariant under susy, but solutions not necessarily!
We will use this result from Chapter 12 [1]:

Supersymmetric solutions

A massive solution of sugra is supersymmetric if M = |Z].
So: a BPS solution is a supersymmetric solution.

Goal: Prove M = |Z]| for the black holes!
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The dilaton BH as %—BPS solution

For N =2, D = 4 sugra with one vector multiplet, it can be shown that

[(g+iq) +z(p+ip)] -

o 1
~ 87G+/Im(2)
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The dilaton BH as %—BPS solution

For N =2, D = 4 sugra with one vector multiplet, it can be shown that

[(g+iq) +z(p+ip)] -

o 1
~ 87G+/Im(2)

Dilaton BH: charges are (0, q), (p,0), and z = ie=??. Write g = +|q]|
and p/ = ?’pl‘ (signs related to solution), then:

1
— ¢ a—®
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The dilaton BH as %—BPS solution

For N =2, D = 4 sugra with one vector multiplet, it can be shown that

[(g+iq) +z(p+ip)] -

1
N 81G+/Im(2)

Dilaton BH: charges are (0, q), (p,0), and z = ie=??. Write g = +|q]|
and p/ = I’pl‘ (signs related to solution), then:

T fol ¢
Z=+ G(|q|e +1p/]e™) . (1)

Compare with the mass: the BPS bound is satisfied: M = |Z|: the
dilaton BH is supersymmetric! One can show they preserve 1 susy: %-BPS

(in N =2).
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The dilaton BH as %—BPS solution

For N =2, D = 4 sugra with one vector multiplet, it can be shown that

[(g+iq) +z(p+ip)] -

1
N 81G+/Im(2)

Dilaton BH: charges are (0, q), (p,0), and z = ie=??. Write g = +|q]|
and p/ = I’pl‘ (signs related to solution), then:
z= (lgle’ +1ple) . o

Compare with the mass: the BPS bound is satisfied: M = |Z|: the
dilaton BH is supersymmetric! One can show they preserve 1 susy: %-BPS

(in N =2).

BUT: Eq. (1) is true only if signs in g = +|q|, p’ = F|p’| are correlated!

* sgn(p') = —sgn(q): BPS
e sgn(p’) = sgn(q): BPS? Yes! But need gradient flow egs.
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Extremal charged black holes are attractors

General case: charges (p, q), (p/,q’) and Re(z) # 0. These are BPS as
welll We show this via the attractor mechanism.

The action, using Z, can be written as a sum of squares. The EL
equations are easy: require that each square is zero:
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The action, using Z, can be written as a sum of squares. The EL
equations are easy: require that each square is zero:

0,z 7z = —8GeY(Im(z))%05| Z|
o:U =U=-GeY|z|.
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Extremal charged black holes are attractors

General case: charges (p, q), (p/,q’) and Re(z) # 0. These are BPS as
welll We show this via the attractor mechanism.

The action, using Z, can be written as a sum of squares. The EL
equations are easy: require that each square is zero:

0,z =z =—-8GeY(Im(2))%0:|Z|
o:U =U=-GeY|z|.

This is a gradient flow with “time” 7 = r~!1 The fixed point (: =0, U = 0)
is a minimum of | Z], at the horizon (r = ).
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Extremal charged black holes are attractors

General case: charges (p, q), (p/,q’) and Re(z) # 0. These are BPS as
welll We show this via the attractor mechanism.

The action, using Z, can be written as a sum of squares. The EL
equations are easy: require that each square is zero:

0,z 7z = —8GeY(Im(z))%05| Z|
o:U =U=-GeY|z|.

This is a gradient flow with “time” 7 = r~!1 The fixed point (: =0, U = 0)
is a minimum of | Z], at the horizon (r = ).

All scalar boundary/initial conditions (7 =0,r = o) flow towards a fixed
value |Z|min: an attractor!
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Extremal charged black holes are attractors, cont.

Scalar dynamics exhibit a gradient flow:

z = —8GeY(Im(z))%0:| Z|
U=-GgeY|z|.

The fixed point is a minimum of |Z| and lies at the horizon. All scalar
initial conditions flow towards a fixed value | Z|in: an attractor!

z° 2]

horizon

>
>

A

bl . o
T 7=0 horizon Z
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Extremal black holes are BPS

The gradient flow allows us to prove M = | Z,|. First, get the mass:

d (e2U)
dr T
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Extremal black holes are BPS

The gradient flow allows us to prove M = | Z,|. First, get the mass:

d (e2U)

dr

T.
7=0

Use the flow equations for U(0): this shows M = |Z.,|.

Supersymmetric BHs

Extremal charged black hole attractors are supersymmetric solutions of
N =2,D = 4 sugra.
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Extremal black holes are BPS

The gradient flow allows us to prove M = | Z,|. First, get the mass:

d (e2U)

dr

T.
7=0

Use the flow equations for U(0): this shows M = |Z.,|.

Supersymmetric BHs

Extremal charged black hole attractors are supersymmetric solutions of
N =2,D = 4 sugra.

Central charges allow us to generalise to couple to ny gauge vector
multiplets (here: ny =1)

— ny + 1 field strengths Fliy, ny complex scalars z%.
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(1) Why care about susy BHs?

Cosmic censorship conjecture! Susy can act as a cosmic censor : the BPS
bound coincides with the bound that excludes naked singularities [2]. Can
easily be shown for the dilaton BH from formulae in this presentation!
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(1) Why care about susy BHs?

Cosmic censorship conjecture! Susy can act as a cosmic censor : the BPS
bound coincides with the bound that excludes naked singularities [2]. Can
easily be shown for the dilaton BH from formulae in this presentation!

(2) What about generalizations?

In particular, N' = 4 sugra. The AN/ = 2 action can be embedded into
N = 4. Here, all charge configurations arise from Killing spinor
conditions. [2].
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Diamond of dyonic dilaton black holes in A’ = 4 sugra

The diamond shows ‘censored’ BHs, i.e. M > |P|+ |Q|. The sides of the
square are extremal and BPS, the shaded region are non-BPS. Green
solutions are the BPS dilaton BHs found in A/ = 2 sugra.

Ar

1.BPS

NON-EXTREMAL
= NON-BPS
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Conclusion

® Extremal dyonic black holes are supersymmetric solutions of
N =2, D = 4 supergravity coupled to ny vector multiplets.

® The scalar fields exhibit a gradient flow towards fixed points at the
horizon, which depends on the charges of the black hole, not on
asymptotic values of scalars (attractor mechanism).

e Central charges from extended susy play an important role (proving
the BPS condition, obtaining the gradient flow equations, the area of
the horizon).

® Supersymmetry can act as a cosmic censor and hide naked
singularities: BPS BHs agree with cosmic censorship.
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Cosmic censorship for the dilaton BH

Look at the g,, metric component: from e 2V = H, H,, we find

e %|p'| +e?lq|  |qp|
drr (4mr)2”

grr:1+

Compare with RN BH:

2MG | (MG)?
gr =1+ 216 2)
r r

and write our metric as
2MG | |gp| 1

r (4m)2 r?
Horizons are at g, = 0, a quadratic polynomial. Roots must be real, so
discriminant positive:
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Cosmic censorship for the dilaton BH, cont.

Recall BPS or positivity bound:
M > |Z| = (876) ™" (|ale” + |ple ™) .
Square it:
M2 = (87G) 2 (|gPe® + |p'PPe ™ +2/ap|) .

But the gradient flow eqs tell us that |Zo| > | Zhorizon| (the fixed point =
minimum was at the horizon). At the horizon, the attractor mechanism

implied that
()

q
I

horizon

Substitute above:

M2 > (87G) 2| & (MG > %
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BPS solutions and Killing spinors

How to find susy solutions (BPS solutions) of sugra? Look at susy
transformations of bosons B(x) and fermions F(x):

deB(x) = €(x)f(B) F(x)+ (fermions), dcF(x) = g(B)e(x) + (fermions) .

In classical solutions, fermions vanish. Hence solution is invariant under
susy iff
deF(x)|iin = g(B)e(x) = 0.

Solutions give Killing spinors: they are the parameters of preserved susy. If
there are ng independent solutions, the solution is "WQ—BPS.

For the dilaton BH, we need terminology from A = 2 sugra: use
alternative definition of BPS via central charge.
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Area of supersymmetric black holes

The area of a submanifold: A= [ Vhdk¢ : for a 2-sphere (like the
horizon): t = T,r = R so &' = 6, xi> = ¢, and line element becomes

ds? = e 2YR? (d6? +sin* 0 dy?) .
Therefore, area of 2-sphere with radius R is A(R) = 4re 2VR?2.
Now use 7 =1/r. For 7 — oo (horizon), the limit of A(7) is undefined.

Solution: use I'Hopitals’ rule twice. This will bring a factor U, through
which central charge appears (recall: U = —GeY 2).

The end result is:
A= 4nG?|Z|?

min -
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The action for the dilaton black hole:
S = 52 /d4XF [R 20" ot ng_ Ze 20 (FMVF;W‘FFWVF;W)] ’

The most general action with ny vector multiplets:

5=t /d4 ars (R 28" K o50,2°0,7 —i—flm(j\/',J)FliVF“”J)

2K 9,2
vpo 1 J
T Re(N)e P FlLFa ]
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